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a1

a3

SYMBOLS
rate of speed change in the first segment of a three-segment speed
profile

rate of speed change in the third segment of a three-segment speed
profile

in speed profile, scceleration, numerically positive
in speed profile, deceleration, numerically negative
initial ecirele of unit radius

final cirecle of unit radius

oPys positive if the corresponding vector n,

signed distance of P
Py

points away from

signed distance of P,Pp; positive if the corresponding vector ﬁf

points away from -

signed distance from P, %o another point P which has the same
subscripts as 4

acceleration of gravity

erulsing altitude

final altitude

rate of altitude change; the sgink rate if negative

numerical congtant for path stretching, 0 <k < 1

normalized total path length of horizontal trajectory
normalized total path length between x; and xp in problem {(d)

&5 an algebraic guantity, the total horizontal path length, as a
maneuver symbol, left turn

minimum distance to be traversed in time interval t when the speed
is constrained to lie hetween VO and Vf

maximum distance to be traversed in time interval +t when the speed
is constrained to lie between V, and Vs

dagired path length for streiching
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min

o2

Ato

Aty

gtretched path length

minimum distance to be traversed in time interval t when the speed

is constrained to lie between V., and V
min max

maximim distance t0 be traversed in time interval t vwhen the speed
is constrained to lie bebween V. ., and V
min max

unit vector having the same direction as the initial heading wo
wit vector having the same direction as the final heading wf
initial horizontal positicn of the eircraft

final horizontal position of the airecraft

point of intersection (vertex) of the two lines containing the two
unit vectors n, and ng, respectively

switching point; first subscript is either o or f, referring to
points in the initial line and in the final line, resgpectively; the

second subscript distingulshes different switching points in
problem {a)

ag an algebraic gquantity, turning radius; as a maneuver symbol, right
turn

minimum turning radius
a8 a maneuver symbol, straight flight

i =1, 6; in problem {b), switching lines; defined in equations (30)
through {35) and figure 12

time; in the controlled time-of.arrival problem, time tc go before
reaching the final point Pge

in the speed profile, time when constant-speed segment begins
in the speed profile, time when constant-speed segment ends

in the controlled time-of-srrival problem, earliest arrival time
achievable with speed control alone

in the centrolled time-of-arrival problem, latest arrival time
achievable with speed control alone

in the speed profile, duration of time when the speed remsins constant

in the altitude profile, duration of time when the aircraft is
descending
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ground speed

initial ground speed

final ground speed

lowest achievable speed within the constraints of Voo Vf, Tty Ags Aa

maximum ground speed of the aircraft in the terminal area

minimunm ground speed of the alrcraft in the terminal area

constant speed in the three-gegment sgpeed profile

highest achievable speed within the constraints of V,, Ve, £, Ay, Az

abscissa of Py in a coordinate system where the final point P, is
taken as the origin, the direction of n as the positive x-axis,

and the direction to the right of ﬁf as the positive y-axis

normalized x, where the minimum turning radius Rpyp 18 teken as the
unit of distance

in problem {d), the distance of the aircraft along the first segment,
measuring from the point of intersection

in problem (d), the distance from the point of intersection to a
desired final point in the second segment

ordinate of P,, measured ln the same coordinate system as x

normalized ordinate of y, where the minimum turning radius Ry, is
taken as the unit of distance

bank angle

maximum bank angle

heading of asircraft

initial heading of aircraft

final heading of alrcraflt

total heading change in the initial turn

heading of the straight-line segment of the horizontal trajectory
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TERMINAI—-AREA GUIDANCE ALGORITHMS FOR
AUTOMATED ATR-TRAFFIC CONTROL
Heinz Erzberger and Homer Q. Lee

Ames Research Center

SUMMARY

In present air-traffic coutrol systemz, certain terminal-area guldance
problems are solved manually by the pilot and the ceontroller. The solution of
these problems could be automated in a new generation system with the use of
ground and airborne computers and an improved navigation system {such as the
proposed microwave landing system). The objectives of this study are to for-
mulate these probliems analytically, and to obtain solutions to them in the
form of computer-corisnted algorithms,

The principal requirement is to consitruct a flyable, three-dimensional
trajectory that begins at the current aircraft position, heading, speed, and
altitude, and that terminates at a prescribed position, heading, speed, alti-
tude, and time. The terminal position 1s normally the Instrument Landing Sys-
tem {IL8) gate, or a waypoint, and the terminal time is the assigned landing
slot, Such precise time-position control, "four-dimensional guidance," is
proposed as an advanced air-traffic control technigue. The algorithms devel-
oped in this report are applicable to all possible combinstions of initial and
final conditions, and thus can be used in a closed-locp feedback law.

The construction of the required trajectory is divided into three parts.
First, the horizontal trajectory is calculasted with a constraint on the turn-
ing radius. Algorithms for consitructing the horizontal trajectory sre given
for each of four criteria: (a) to fly to a waypoint and arrive there with a
specified heading, (b} to fly to a directed line in space such as a VHF Omni-
Range (VOR) radial, {¢) to fly to & waypoint without a constraint on the head-
ing at the waypoint, and {d) to change smocthly from flight along one line or
VOR radisl to another that intersects it. For each criterion the trajectories
are synthesized from straight lines and portions of circles. Assignment of
the trajectories is based on minimizing the length of the path so as to reduce
maneuver time and conserve alrspace and is given in the form of switching
diagrams.

Second, the speed profile is calculated based on the length of the hori-
sontal trajectory and on the desired time over the waypoint or ILS gate. Con-
gtraints are the minimum and maximm alrspeed, the acceleration and decelera~
tion of the aircraft, and the desired airspeed at the terminal time. The
algorithm flrst determines if a speed profile satisfying these constraints
exigts., If it dces, the spsed profile is synthesized; if it does net, a tech-
nigue ig used to stretch the path length of the horizontal trajectory by the
smount required to synthesize a flysble speed profile.
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Third, the altitude profile is synthesized so that the aircraft maintseins
the approach altitude as long as possible before descending to the specified
final altitude at the waypoint. Input to this calculation is the length of
the horizontal path, the desired descent rate, and the length of the finazl
deceleration interval. The descent to the specified final altitude is timed
so 1t does not coincide with the deceleration Interval.

¥inally, the completely specified flight prcfile is arranged into & time
gequence of guldance commands that cean be used as inputs to a flight director
or autopilotb.

IRTRODUCTION

The design of sircraft navigation and flight-control systems has long
followed a trend toward automation of the numercus guidance, control, and nav-
igation functions once performed manually by the flight crew. Recently, this
trend has accelerated and expanded in scope, with the momentum behind it being
provided by the development of flight-worthy computers and by the incressing
complexity of modern aircraft and of the air-traffic environment. Complex
problems in all phases of aircraft operation indicate that such automation is
not a luxury, but rather a prerequisite for safe and economic flight. Fortu-
nately, the timely development of airborne computers has provided the means to
achieve the degree of automation required to alleviate these problems.

Concepts have been proposed for flight-control systems capable of fiving
an aircraft automatically from takeoff to landing {refs. 1 and 2), with the
pilot purely in the role of systems manager, Although such completelvy auto-
matic systems are now under study, this study focuses on the problem of auto-
mating a segment of the flight during which pilot workleasd is particularly
heavy; the segment is within the terminal area, roughly within a 50-mile
radius of an airport. For a subsonic jet transport on a landing aporoach, it
corresponds approximately to the final 15 minutes of flight.

Pilot workload in the terminal azrea is heavy as a result of deficiencies
in the existing flight-control and air-traffic contrel systems. In this area,
the aircraft often must be flown manually, even though an automatic landing
system and an autopilot are on board. The sutcmatic landing system can be
used to Fly the aircraft only along the final landing approach, after the air-
craft is at the proper altitude, position, and heading to receive the Instru-
ment Landing System (ILS) glideslope and localizer signals. Similarly, the
standard autopilot has limited use in the earlier portions of terminal.area
flight becguse it was never desgsigned to provide precision flight-path control
along the curved, decelerating, and descending flight path which is frequentiy
required before the Tinal approach.

The guldance of alrcraft in busy terminsel areas, especially in weather
conditions requiring instrument flight, is conducted primarily by air-traffic
control. Controllers monitor the position and movement of aircraft on radar
snd issuve guldance instructiong to the pilots, who close the guidance loop by
executing them as quickly and faithfully as possible, For landings, the
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controllers direct the randomly arriving aircraft into the final approach to
achieve a high landing rate while maintaining a safe separation distance. The
task is complicated by the differing airspeeds (and other performance charac-
teristics) between aireraft on a common path.

The pilot and contreller workload of this system of terminal-area guid-
ance has been studied for a number of high traffic terminal areas (ref. 3).
For srrivals into JFK International Alrport, pilot-ATC communication requires
as much as 50 percent of the last 10 minutes before touchdown. During this
time, the pilot performs an average of 18 communications and navigation opera-
tions, a workload which pilots consider excessive.

To reduce the pilot-ATC workload in the terminal area, an automatic
flight-control system must provide precision flight-path control along the
gpecified trajectory. In addition, the system must also maintain synchroniza-
tion of the aircraft position with a specified time schedule; this reguirement
is especially important for efficient air«traffic control. All methods pre-
viously szudied particularly stress the importance of maintaining accurate
time-position control of aireraft in the terminal area {refs. 4-6). Accurate
time-positiion control of the aircraft should reduce landing delays due to
holding ang inecrease landing rates; however, it cannot be achieved with exist
ing air-traffic control methods and eguipment.

Whet techniques are availsble for guiding sn alrcraft automatically alcng
a specified time-position trajectory? The technique suggested in reference 1
is to precompute the trajectory in a ground facility, store it on tape, and
enter it into the on-board system before takeoff. The con-board eguipment
would consist of a means for storing the precomputed trajectory and s modified
autopilot for fiying the aircraft along it, Although this technigue requires
only reiatively simple on-board equipment, it suffers from severe practical
disadvantages - the dependence on a ground facility and the difficulty of
making fast trajectory changes in flight. For some segments of a flight, such
ag climb to and descent from cruise of a supersonic transport, these disad-
vantages may not be significant. In terminal-area operations, however, even
with precise scheduling of alrcraft, unexpected trajectory changes can never
be completely eliminated, making the value of a precomputed trajlectory very
guestionable.

Pew studies have addressed themselves to the synthesis of a terminal-aresn
trajectory. Although references 1 to T do not address this problem specifi-
cally, they do provide insight into the terminal control process and are help-
ful in jdentifying important probplems. Reference § deals with the construc-
tion of holding patterns and path-stretching maneuvers. Reference 9 is
particularly relevant because it defines several of the problems studied here.

This gtudy investigates a technique for calculating the trajectory on
board, with provision for recaleculating it in real time whenever changes are
needed. The practicality of this technique hinges primarily on the solubion
of two problems. The first is to establigh what guidaence problems occcur most
fregquently in the terminsl ares and can be solved by an on-board syvstem. The
second is to develop efficient computational techriques for synthesizing the
required trajectories.




The guidance problems to be solved are established from an analysis of
gir-traffic control procedures, instrument flight maneuvers, and terminal~area
route gtructures. They can be divided into three principal subproblems: a
lateral (horizontal) maneuver, a longitudinal (vertical) maneuver, and a speed
change. An important assumption made in this study is that these three prob-
lems can be treated essentially independent of each other.

A number of techniques are used to synthesize the trajeciories; some are
bagsed on minimizing a specific performance function, others are derived from
geometric considerations. In general, horizontal trajectories consist of con-
nected segments of straight lines and circular ares, while vertical trajecw
torles consist only of connected segments of straight lines. Opeed histories
consist of sections of constant acceleration, constant deceleration, and cone-
stant speed flight. The choice of simple geometric shapes as basic building
blocks yields trajectories that are easy to synthesize and that comply with
all important aircraft maneuvering and performance constraints. There seems
to be little reason to consider more complicated trajectories, at least for
terminal-area operation of conventional aircraft.

The basic informaticn reguired to fly the synthesized trajectories is
position, altitude, grouwnd speed, and time. It is assumed that this informa-
tion is available on board the alrcraft. Although the description of the
guidance laws derived herein is cccasionally somewhat involved, programming
experience has shown that the reguired computations can easily be performed on
currently available airborne digital computers. (The development of a control
system to fly the alrcraft zlong the synthesized trajectory is closely related
to standard autopilot design, and is not considered in this report.)

DEFINITION OF GUIDANCE PROBLEMS FOR TERMINAL-AREA OPERATIONS

Before trajectories can be synthesized, the set of guidance problems that
occur in terminal-area operations must be defined and formulaited mathemati-
cally. Such a set can never be considered complete because there is no limit
to the number of possible problems. Therefore, the objective is fo choose the
set as small as possible, consistent with the requirement that the most com-
monliy encountered guidance problems are included in it or can be reformulated
in terms of problems in it.

Terminal-area guidance can be viewed as the simultaneous solution of
three types of problems: horizontal (lateral) guidance, airspeed management,
and vertical guidance. To simplify analysis, this study assumes that each
type of problem can be solved essentially independent of the other two.
Although this assumption iz not always justified, it is motivated by observing
thst in commonly encountered flight conditions pilots tend to fly aircraft in
a manner that allows them to golve these three types of problems indepen-
dently. Although analysis of terminal-area guidance problems is given sepa-
rately for each type of problem, in practice, the three types of problems do
interact. The method of dealing with these interactions is given vhen the
problem is encountered.




Horizontal Guidance

The most complex guldance problems in terminal-ares operations for con-
ventlonal transport alrcraft involve horizontal maneuvers. The corigin and
identity of these problems are most easily explained by & brief discussion of
the route structure and air-traffic control procedures for an approach into a
typical terminal area, that of San Francisco Internastional Airport (SFO).

The approach routes into SFO are indicated in figure 1 by the heavy
broken lines., The most important feature is that they consist chiefly of con-
nected sections of straight lines that terminate on the final approach.
Transition from one straight-line section %o another is achieved by means of
smoothly rounded corners. The route struecture can be specified by locating
the corners defining each straight-line section and arrowg indicating the
Girection of motion along eech section. Corners often coincide with the loca-
tion of a VOR station {such as Woodside) or at an intersection of radials from
two adjacent VOR stations (such as Altamont).

Under instrument flight conditions, sir-traffic control closely monitors
the movement of alrcraft within the apprcach routes. The air-traffic control-~
ler sequences aircraft for landing, maintains separation between them within
the routes, and vectors them onto the final approach with the desired spacing.
In the existing ATC system, & controller normelly observes alrcraft on radar
and issues the sppropriste guidance instructions to pilots by rasdic telephone.

Maintaining the proper spacing between aircrarft is especially critical on
the final approach and at points of confluence of two or more segments. Too
small a spacing is unsafe and may disrupt the smooth flow of traffic, whereas
too large a spacing results in a low:landing rate. BSpacing distances for the
final approach are typleally in the range between three and seven miles, the
choice depending somewhat on the individual controller as well as weather con-
ditions. In weather conditions requiring instrument flight, controllers tend
to space alrcraft at greater distances than in clear weather. Spacing is
achieved by controliling the speed of the aircraft or, if necessary, by vector-
ing to control the length of the flight path to the point of confluence with
the final approach. Vectoring the aircraft onto the final approach generally
has the dual purpose of alding the airecraft to acquire the ILE localiser and
of ensuring the proper spacing between aircraft. Thus the route structure in
the neighborhood of the point of confluence near the final approach {point A,
figure 1) is variable and not necessarily as shown; the shaded region approx-
imates the area within which the route may vary. Having described the
terminal-area route structure and the alr-traffic control problem, the next
step is to isclate the basic horizontal guidance problems that an auvtomatic
system would have Lo solve in guiding the aircraft during the approach. Five
provlems have been identified and are described in the following sections
under the heading of problems (a), (b), (c), {8}, and path stretching.

Problem (a)—Consider an aircraft that has just passed the corner at
point B (fig. 1) and is cleared for an ILS approach. (Assume that no other
aircraft are on the approach routes.} The aircraft must be guided so that it
will be on the final approach path and headed in the landing direction at




least by the time it passes the outer marker (OM). If it follows the approach
route exactly as drawn in figure 1, it achieves heading alignment at point A,
a few miles before the OM. TIn general, an aircraft must be in close heanding
alignment with the final approach at or before the OM, if the approach is to
continue successfully. Thus, the general problem iz to gulde the alrcraft
from eny initial position and heading to a specified final position and head-
ing, with the final position and heading achieved simaltanecusly. Thig prob-
lem is illustrated by figure 2(a).

Without some synthesis criterion there can be no unique solution to this
problem, since for every combination of initial and final condition an infin-
ite number of feasible trajJectories can be found. BSince a computer-oriented
synthesis procedure requires unique scolutions, the synthesis criterion was
chosen as minimization of the path length of the trajectories connecting ini-
tial anéd final points. This criteriocn was suggested by the shape of the
epproach route segments (fig. 1) which show that once the trajectories have
passed the last waypoint before the final approach they proceed by the most
direct route to point A.

An important constraint on the trajectories is that the bank angle
required to Tly alcng them not exceed some maximum value dictated primsrily by
passenger comfort considerstions, typleally 15° to 30°. The maximum bank-
angle constraint is, of course, equivalent to a constraint on the minimum
turning radius; this equivalence is used in the synthesis procedure.

Problem (b)-—Major portions of terminal-aresa routes consist of straight~
line sections; if an aireraft ls already flying along such s section, a gtan-
dard lazteral autopilot can keep it aligned. Ir, however, the aircraft is not
on its assigned approach route, because the pilot or ATC have suddenlv changed
the route or a navigation error is discovered, then the problem arises of how
to guide the sircraft onto the assipgned route. This problem iz the same as
problem (a) when the new route must be entered at a specific point. Often,
though, the only regquirement is that the sircraft be flown onto the route as
quickly as possible. Hence, problem (b) is defined as flying from any initial
position and heading onto a straight line of specified location and heading.

A solution to this preblem is any trajectory that leads to the specifieé line

without violating maneuvering constraints. As in problem (a), the selected

trajectory should minimize path length without causing the aircraft to exceed

a maximum bank angle. This problem is illustrated in figure 2{b), where the

finagl line is assumed to be a VOR radial or the center line of the localizer. !

Problem {o)--Another method of specifying an approach route is to choose
a gequence of waypoints through which the aircraft is to fly consecutively.
Thiz method can also be used to generate holding patterns in s simple way.
If trajectories connecting congecutive waypoints are chesen to minimize the
path length, approach routes guite similar to those in figure 1 can be
gbtained by & judicious placement of waypoints,.

Problem {¢) is defined as flying from an arbitrary initisl position and
heading to a specified final position. As before, the synthesis criterion is
chosen as the minimum path length, and the constraint is the maximum bank
angle. This problem is similar to problenm {a) except Tthat the heading of the
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aircraft vhen 1t arrives at the final position or waypoint is not gpecified.
Figure 2(c) illustrates the probvlem for two waypoints.

Problem (d)—1If the approach routes are specified by connected segments
of straight lines ag in figure 1, a procedure is needed for transitioning from
one segment to another without excess overshoot or high bank angles. Problem
(d) is defined as determining a control law for making & transition betwsen
two straight-line segments at any specified angle of intersection. An ideal
transition between two lines is shown in figure 2(4).

Path stretching—Air-traffic control was not considered in defining prob-
lems (a) through (d), which arise in developing guidance laws for flving air-
eraft automatically along existing approach routes without regard to other
aircraft. Alr-traffic control requires knowledge of the location, heading,
altitude, and speed of all alrcraft operating in the terminal area. Since
this knowledge is generally not available on bosrd an aireraft, a comprehen-
sive treatment of the air-traffic control problem from the point of view of an
on-board system deoes not seem justified. It is reasonable, however, to con-
sider on~-board solution s portion of the sir-traffic control problem that does
not reguire explicit knowledge of other aircraft but would especislly simplify
the controller's Job of spacing aircraeft on final approach. This problem is
t¢ achieve precise arrival time of the aircraft at s designated point on the
final approach or, in general, at any point on the appreoach route. Typleally,
such points might be chosen as the OM or at the Junction of two or more
approach routes (i.e., point A, fig. 1).

The preferred technique of achieving =z specified time of arrival at a
gpecified point on the approach route is through speed control, which does not
require deviation from the assigned approach route, The use of speed control
fer this purpose will be discussed in the next section. However, speed con-
trol alone is often inadequate, particularly if a change in the time of
arrival is required close to the final point. The inadegquacy of speed control
is clearly shown when a speed lower than the stall speed 1s needed to achieve
a delay in arrival time. B8ince late revisions in arrival time cannot be
avoided, this limitation of speed control mey be overcome by stretching the
approach path as reguired to achieve the desired delay.

Path stretching to delay arrival time iz an essential element of all
manusl and automatic air-~traffic control sysiems that have been studied in the
literature (refs. L4L-8), Although there is generally no unique trajectory
that increases the path length by & specified amount, the selection of a par-
ticular technigue for path stretching is of great importance, since it Is
closely related to the method of slr-traffic control.

The effectiveness of peth-stretching (and possibly alsc of path shorten-
ing) technigues is often evaluated in terms of the timing accuracy they
achieve in delivering an alvcreft at the desired point. Of those evelusted
in simulations, no clearly superior technigque has so far emerged. TFor a
deseription and comparison of five different techniques see reference k4.

Although optimum methods of path stretching have not been developed, the
method chosen should be able to increase the path length in a continuous




manner while preserving as much as possible of the approach route. Further-
more, the ecalculations defining the stretched trajectory should be amensble to
fagt, on-line computer solution. Buch congiderations led to the particular
method of path stretching described in detsil later.

To complete the definition of the problem, the path stretching is
required to take place glong = straight section of the spproach on which a
final point is specified. The path-stretching problem ig then defined as
selecting a trajectory that starts on the straight section, terminates on the
final point, and hasgs any specified are length greater than the straight-line
path, An example of a stretched path between two waypoints is shown in
figure 2(e).

Finally, the well-known holding pattern can be considered as an example
of & sgtretched path. Generally, a path-stretching maneuver turns into a hold-
ing pattern whenever the increase in path length specified is greater than the
circumference of a holding patitern. Holding patterns are not discugsed
further in this report.

Speed Control

The primary purpose of speed control in the terminal area is to control
time of arrival. In general terms, the problem 1s To caleulate the gspeed-time
or speed-position history of the aireraft so that it will arrive at a speci-
fied point on the approach route at a specified time. This calculstion
assumes that the horizontal trajectory has already been determined by solving
one or more of the trajectory problems defined in the preceding sections, so
that the path length as well ss the initial time +t; and the final time t¢
are known.

The speed-time higtory is calculated subject to the aireraft's opera-
tional constraints on cruise speed V, acceleration, and deceleration. In
addition to obeying these performance constralnts, the initial speed V, of
the speed-time history must equal the current aircraft speed, and the final
speed Vy must equal a specified value, If the final point happens to be the
OM, then Ve may equal the final approach speed with fully lowered flaps.

The "simplest” speed-time history that can solve this problem consists of
three segments: an acceleration or decelerastion segment to the cruise speed,
a cruise-gspeed segment, and an acceleration or deceleration segment to the
final speed, as in figure 2(f).

Calculation of the speed~time history may reveal the need to apply path

stretehing to the horigontal trajectory. For example, the path length will
nead 1o be gtretched if the calculated cruise speed is lezg than the minimunm

speed.
Vertical Guidance

For the arrvival operations considered in this report, vertical guidance
is resiricied to descent from cruise. (For departure operations, similar
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congiderstions are applicable to ascent to cruise.) Here it is assumed that
the horizontal trajectory and the speed-time history have been cbtained as
solutions to previously defined problems.

A typical altitude history, illustrated in figure 2(g}, consists of seg-
ments of constant sltitude and of descending flight. It commences at cruise
altitude h, and terminates at a final altitude he approximetely equal to
the height above the runwey of the ILS glideslope beam center at the OM.

The descent profile provides for maintaining the cruise altitude as long
ag poseible, then descending to the final sltitude st 5 specified descent rate
and at a constant forward speed. If any speed change iz needed near the final
point, it should be made in level flight; the descent profile must be plamned
to allow for the required period of level flight after the final altitude Is
achieved. Thus, the speed-time history (and horizontal trajectory) must be
calculated before the altitude profile.

Surmmary

A complete terminsl-area trajectory, consisting of the position, speed,
and altitude of the aircraft ss s function of time, is obtained by solving
sequentially the horizontal, airspeed, and vertical guidance problems that are
defined in this section and summarized in table 1. Although these are not the
enly problems that can be defined, they are sufficient for calculating the
most frequently cccurring trajectories in present-dsy terminal-area opers—
tions. (Important additional problems could be defined if information on the
locaticns and trajectories of other alreraft in the area were available on
board the aircraft, but such problems are not discussed in this study.)

Bolutions to the various problems discussed in this section are developed
without explicitly considering the wind. Thus, they vield values for ground
heading, ground speed, and ground scceleration time histories. If the wind
speed and direction are known, as we assume in this study, these guantities
can easily be converted to aircraft heading, airspeed, and acceleration with
respect to the alr mass.

TRAJECTORY SYNTHESIS FOR PROBLEM (a)

In reference 9, trajectories were derived for problem {a) which are of
minimun path length and are congtrained by the miniman turning radius. When
the initial and final points are separated by less than four turning radii,
such trajectories can contain up to three partial turns of minimum turning
radius. When the initial and final poinits are separated by more than four
turning radii, the trajectories need only contain a straight-line segment with
a partial turn of minimum turning radius st each end. In this section, a
computer~oriented algorithm for calculating the trajectory is developed based
on certain simplifying assumptions and on a geometric interpretation of the
guidance problem.



The trajectory patterns to be used in the development of the algorithm
consist of at most two circular ares and a straight-line segment. The three-
circular-arc trajectories of reference 9 may occur in the minimum-arec-length
solution of problem (a) if the distance of separation between initiel and
final points is less then four turning radii. However, they are excluded here
since they would increase the complexity of the algorithm and are expected to
cccur infrequently in practice.

Another difference between reference 9 and the present development con-
cerns the optimality of the trajectories generated by the slgorithm. Refer-
ence 9 was devoled to a mathematical derivation of the minimum arc problem for
vroblem (a). Here, for computational simplicity, the trajectories are not
selected to minimize, in the gtrict mathematical sense, a specific performance
function such as the arc length. Rather, the key criterion for selecting tra-
Jectories is geometric constructability; that is, the feasibility of con-
gtructing a particular type of trajectory for given initial and final condi-
tions. Because the trajectories for which a feasible construction is sought
are known to be optimum under some conditions, as shown in reference 9, the
procedure can be expected to yield an efficient trajectory, though not necesg-
sarily the true optimum one in the minimum arc sense. The disadvantage of not
always generating trajectories that minimize a performance function is oub-
welghed by the geometric insight which the algorithm casts upon the horizontal
guidance problem.

It was stated previously that the itrajectories should cbey a constraint
on the maximum bank angle. At constant sirspeed V & constraint on the mini-
mum turning radius TRy, 1is eguivalent to a constraint on the maximum bank
angle dpax. The relationship between these constraints is given by the
following egquation:

R vt (1)
min g tan ¢max

where g is the acceleration of gravity. The value of V uged in equation
(1) should be the maximum ground speed encountered during the maneuver. An
acceptable estimate would be to choose it asz the sum of the maximum airspeed
in the terminal srea and the wind speed. In further calculations, the turning
radiug is treated as a parameter whose value is arbitrary and is related to
the hank-angle consiraint.

The trajectories in this study are chosen from the 13 basic patterns
shown in the left column of table 2. (The additional patterns shown in the
right column of table 2 are required for the complete minimum arc solution of
problem (a), and are not used in the algorithm.) The patterns used are com-
posed of three or fewer segments; each segment consists of a portion of either
a straight line or & circle. Under the meneuver symbol column in table 2,
azch pattern iz asssigned a maneuver symbol, characterizing the consecutive
maneuvers reguired to fly the trajectory. TFor instance, L 8§ L stands for
left turn, straight flight, and left turn. These symbols are used throughout
the text 4o refer to a particular pattern.
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Pattern Parameters

The assignment of a flight pattern depends on the initial and final con-
ditionsg of the problem, represented by the coordinates of the initial noint
and the initial heading and by the coordinates of the final point and the
Tinal heading. For the purpose of pattern assignment and the calculation of
pattern constants, the initial and final conditions can be reduced to three
parameters or states.

The symbols Py and Py denote the initial and the final point and 4y
and ¢y the initial and the final heading, respectively. Since ¢p is
normally the runway heading, the initial heading is conveniently messured with
reference to Yp. The initial heading thus measured is dencted by ¢ and is
given by ¢ = ¢, ~ Y. Unit vectors nO and nf have dlrectlons Yy and yp
and emanate from P, and Pp, respectively (fig. 3). If A, and fip are not
parallel or aﬂtlparallel lines drawn through n, and fip, %ermed the "initial"
and "final" lines, will intersect at a point P,.. The case where these lines
do not intersect is referred to as the singular case and is considered
separately elsewhere.

The pattern parameters for the nonsingular case sre ¥, d and dp. A
pesitive ¢ is defined by rotaling ﬁf clockwise into nO @he range of ¢
ig =7 < ¢ = v, with ¢ in radians._ The other two parameters are d and dr
where d, is the signed distance PyPy and df is the signed distance P,Pep.
The sign of a distance is positive if the corresponding unit vector points
away from FP,. The geometric constructicn of these parameters and a tvoical
trajectory are illustrated in figure 3.

The two parameters dg and dy are not directly measured, but must be
computed from avallable navigation measurements. The computation is aided by
relating them to & commonly used Cartesian coordlnate system. As illustrated
in figure 3, the crigln of the coordinate system is at Ppy its x-axis points
in the direection of nf, and its y-axiz points to the right of the reference
direction. This coordinate system is often used in alircraft guidance and con~
trol studies. Let {x,y) be the coordinate vector of Py in this systen, nor-
malized by using the turning radius R as the unit of distance:

{x',y') = (x/R,y/R}. Then dg = y'/sin ¢, and dp = -x' + y'/tan ¢, or

- ¥

% % Rsin g (2)
S A S

G = - R * T ten ¥ (3)

The quantities d, and dp are alsoc normalized distances. Equations (2} and
(3) are valid for all ¢ except ¢ = 0 or ¢ = 7w, corresponding to the singu-
lar cases. In an sctusl computer mechanization, ¢ will be considered zeroc or
7 when it lies in the neighborhood of these values.
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Switching Pointsz

Our obJective in the next several sections is to describe how flight pat-
terns are assigned as & function of the three parameters ¢, dy, and dp and
to determine those combinations of parameters, called the switching points, at
which changes from one type of pattern to another occur. Although the switch-
ing points can be functions of all three parsmeters, the pattern assignment
problem is simplified by choosing many of the switching points as dependent
only on ¥, and the others as simple funetions of ¢ and d,. The pattern
asslgrment problems sre different for nonsingular and for singular values of
P} the agsignment problem for the nonsingulsr case is considered first.

A1l switching points are defined by points of tangency involving the ini-
tial or the final line and certain cireles which arise in the geometric con-
struction of flight patterns. The six switching poinis on the initial line

gre¢ P ~, P P ~, P P+, and P+, gnd the six switching points on the
oa of oG of oc oo
. . _ 3 _ + ‘. . .
final line are PfY’ ?fg, Pfé’ Pfg, Pfc’ pr The directed distances measured

'f‘ * L 13 ] ey —

from the origin at P, to these switching points are doa’ doﬁ’ doa’ dos’

ﬁcg, dog for those lying on the initiel line and 4 e dfﬁ’ df§> dfg, dfg,
d¢§ for these lying on the final line. The "initisl" circle is the cirecle

tangent to the 1nitial line at P,, and the "final" circle is the circle
tangent to the final line at Pe.

¥light Patterns for Normsl Maneuvers

The "normal"” flight patterns apply, and the derivation of switching
points is simplest, if the initial and final points are far apart compared to
the turning radius. Figure 4 illustrates the trajectories for this case with
an acute and an obtuse value of ¢ for 0 5 ¢ £ w. Esasch part of the figure
shows four trajectories corresponding to four pairs of initial and final con-
ditions, with designations corresponding to those in teble 2. (Circles
involved in the construction of the trajectories are comnleted by broken
lines,) The region of large separation between initial and final points can
now be defined more precisely as the set of initial and Tinal conditions for
which neither of the two initizl circles intersects elther of the two final
circles. In this region, the four trajectories shown in figures U4(a) and k(b)
can always be drawn. The boundaries of these regions can be defined by study-
ing the figures as either the initial or final point moves along its line.

The trajectory starting at Py, and ending at Fe; 1is of the LSL
type. As Pp) moves down, the trajectory cheanges to the RSL type when the
left initial circle becomes tangent to &, at swiiching point Pfé. The dis-

tance of Pfg from P is dfg = tan ¥/2.

The same trajectory, as Py, moves to the right, changes from LSL to

L8R when the left initial circle is tangent to the line dy at PGE; POG
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and Pfg are both on the same circle. The digstance of Po& from P, is
do-&- = ~tan &/2.

The final two switching points are defined from geometric convenience in
contrast to the first two, where the switching must take place at the defined
points. A irajectory starting at POE and ending at sz is of type R8L. As

PO1 moves to the right, the right initial circle first becomes tangent to the
final lines at POB’ at dos = -1 /tan(y/2),

The last switching point, Pf$, medifies the trajectory connecting P02
and Pfl' As P moves toward P 0t the switch from type LS8R to type RER

b f
occurs ab Pf;. Az with POB’ this switching point is not & geometrical

necesgity, since both LSR and RSR trajectories are usable for all points on
dp. However, the switch from LSR to RSR at some point near P, yields tra-
Jectories of shorter path length. Since Pf§ iz a geometrically significant

point for near-distance maneuvers, it was chosen for this purpose also Tor
minimizing the total number of switching peints. Its location on dp is
established by locating P02 so that the left initial circle of P,, and the
right final circle of Py, are tangent at only one point as E?I moves

. N + + ‘] . -
toward sz Poz is then at Pou’ and Pfl is at PfY (tig Te con

gtruct the circles establishing these pointsg, draw & circle with center at the
intersection of two lines, one line three units to the right of de and the

other line one unit above d,, tangent to &, at Pog. The second circle

can now be drawn tangent to this cirele, and also tangent to de at Pf$.

Thus , df§ = 3/tan ¢ + 1/sin ¢ and doa = 3/sin ¥ + 1/tan 4.

From symmetry, trajectories for the negative ¢ range, «m < ¢ < 0, can
be taken as the mirror imsges of trajectories for the positive ¢ range
reflected about the d, axis. The reflection of trajectories for negative
v values is essentially equivalent to the introduction of another switching
polnt at ¢ = 0. This reflection procedure for negative ¢ iIs also valid for
near-distance maneuvers.

Plight Patterns for Near-Distance Maneuvers

I# the initial and the final points are so close that at least one pair
of initisl and final circles intersect, the flight patterns given in the pre-
ceding section may become invaelid. Flight patterns for this condition are
referred to as near-distance maneuvers. Near-distance maneuvers rarely occur
in terminal-area operation of aircraft and should always be avoided since the
resulting disruption of aircraft on landing approsch can cause landing delays.
Nevertheless, events that generally require near-digtance meneuvers, such as
go-arounds and emergencles, do occur in a gmall but not negligible percentage
of takeoffe and approaches. Therefore, no automatic terminal guidance system
is complete unless it can also handle such events.
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Pattern selection ruleg for near-distance maneuvers are somewhat
involved., Readers not interested in following these details may go directly
to the next section, on switching diagrams, where the selection rules are

summarized,

When P, 1s to the left of POB’ two groups of switching points are
needed to define the trajectories. The first group contains the points P ;,

Pfx, and POE' If in figure %(a) or 4(b) the points POl and }?’f2 move simul-

taneocusly toward the origin, they will reach positions where the straight-line
segment of the RSL trejectory vapishes and the right initial circle becomes
tangent to the left final cirele. There sre generally two possible final
circles tangent to the line dp and to the initial circle; in figure 5(a),
points of tangency of the final cireles with de are denoted by Pf§ for the

further of the two points and by Pf§ for the nearer of the two from the

origin. The positions of these two points are functions of the position of

Pol; as PO} moves back to the left to Po&’ the points of tangency Pf§ and

Pfg merge into a single point. For initial points to the left of Po&’ ini-
tial and final circles do not intersect, and the region is ag discussed in the

preceding section. The upper limit of Pfg is Pfg, reached when Poz iz at

P -
o0
The second group contains the points Pfa and Po&' Point Pf§ is

defined by a circle tangent to the negative d, 8xis and the positive &O
axis, as illustrated in figure 5(a). The definition of P s fepends on the

value of ¢. For C < ¢ 5 w/2, Poé iz obtained by moving Pol toward POE
until P} coincides with PfE’ in figure 5(e). ¥For w/2 5 ¢ <7, ?05 is
obtained similerly by moving Pcl toward Poa until ?f§ {instead of Pfx)
coincides with Pfg’ in figure 5(d). This definition of P06 is continuous
at ¢ = n/2, the angle common to both definitions. Thus, for small ¢, P06
lies near PoE' As ¢ increases P moves toward POE, coinciding with

oé
Po& at ¥ = /2., For ¢ > n/2, P s reverses its direction and moves in the

positive &, direction.

For final polunts in [Pf§st§]’ the trajectorv assignment depends on

values of ¢ and on the initial point. If 0 < ¢ £ n/2, and the initial point
is in [P05°P36]° an RSR trajectory is used as shown in figure 5{a). For ini-

tial pointe in [P EJ’ an RSR trajectory is used for final points below

P
08’ o
Pfg as in figure 5(a), and an LS8R trajectory is used for Tfinal points above

Ppa, as in figure 6(a). If n/2 < ¢ < v, an LSR trajectory is assigned for

5 in [Poﬁ’PGS}’ either an LSR or an RSR type for P, in [p
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trajectory is used for finsl points above ?fa, and an RSR type for final

points below PfS'

The effect of ?08 on pattern assignment is to meodify the definition of

Whenever P, 1is at or to the right of P the corresponding Pf§ is

Pom. L]
v oB
at negative infinity on the d, axis. If P, is to the left of PGB’ Pf§

is located by the procedure illustrated in figure 5(a).

For initial points in [PoE’PDE} and final points nct in {Pf§,Pf§}, tra—

Jectories are assigned so as to be compatible with those in the preceding sec-
tion. Thus, if Py is in [Pfg,Pfg]-an RSL type is used; if P, is above
?fé* an LSL type 1s used. Final points can be below Pf; only if Py is in
[Pca’Poﬁ}’ since otherwize Pf§ iz at negative Infinity. In addition, P
and POE interchange the order of thelr positions on the do axis as ¥

of

passes through n/2 radians. However, for all values of ¥, the RSL type is
uged If P, dis in {Poa,PGB] and Pf is below Pf?' This completes the tra-
Jectory assignment for the set of initial points to the left of PoB and all
points on de.

Trajectories for points to the right of PoS involive switching points

~» Tar to the right of the origin, is

moved toward P -. In figure I, as P, and P, move simultaneously toward

the origin, they reach positions vwhere the initial and the final circles
become tangent. As discussed previously, past this point there are two final
circles tangent to the initial circle. However, unlike the case discussed
earlier, only the tangent point farthest from the origin is of interest. This
point (Pf§) and the trajectory that defines it are illustrated in figure 5(b).

The position of Poz’ which yields only & single tangent point between initial

+ + + ; i
PfY’ Foa’ Poc’ and arise as a point on 4

and final circles, as sz and its right final circle are moved along dp, is

defined {fig. 4) as P +. For P __ to the left of P +, P+ is a function of
oo 02 GO

Ty
both P and Po ; whereas to the right of ?Og, P+ iz grbitrarily assigned
the value corresponding %o FO

2° oy

2 at ?05. For all initial points to the right

of POE and final points above an LEBR type is chosen, which is simply

Pf$,
the continuation of the type used in figure 4 between Poz and Ffl' Simf -

larly, an RSR type is used for all initial points to the right of Pog and

final points below Pf$. This type is shown in figure 5{n) ag the tralectory

connecting pointsg Pwsmde. {The switching point %ﬁ,mﬁﬂlw"mecmw

panicen point to Pfg and is illustrated in Ffigure 5(b}, will be discussed in
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the next paragraph.) The RSR type is also used for final points below P -
if the initial points are in {P = P ¥

The trajectory assignment problem is concluded by specifying the trajec-
tories for P, in [P -,P +] and P, in [Pf6,9f¢]. The need for a switching

point at P + 1s shown when P,, in figure 5(b) is moved into coincidence
with ?Og while maintaining sz between Pf& and Pf¢. At the peoint of coin-
cidence, the RS8R trajectory assigned to points to the right of Pog degene--
rates into a BS trajectory, thus establishing Poz as a limiting point of the
RSR type. Similarily, wa, the companion point to Pog, is & limiting point of

the RSR type. If, in figure 5(b), P, is in {POE’P0§} and P, is below Py

the RS8R trajectory assigned in the preceding paragraph to this combination of
injitial and final points degenerates into an SR type as sz moves Iinto coin-
cidence with Pfa. ir sz moves slightly above Pfg, and the left initial
eircle and the right final circle do not intersect, an LS8R type is used, zhown
in figure 6(b) between P, and P,. The final switching point, denoted by

Pfg, then oceurs as Ppe 1s moved up until the left initial circle and the

right finsl circle become tangent. For final points above Pf@’ the L8L tvpe
in figure 6{c) is used. The range of Pz 1s [PfE=Pf$]’ the lower limit

being reached as FP, approaches Pog and the upper limit as PO approaches
Fog

Az before, these rules must be slightly gquelified to take into account
the effect of Pos’ which moves to the right of PQG for ¢ > w/2. If PO
lies to the right of ?QB’ no changes in the rules are needed. For P, in
{POE,POﬁ], Pf§ is located with respect to P,. If P, is above Pf-, Py £5
ig disregarded and the established assignment rules are used. If Pp is
below Pf~, the previously established BSL trajectory is used. This conecludes
the assignment of trajectories for all combinations of the pattern parameters.

Derivation of Bwitching Functions

The next step is to derive the analyticel expressions not yet given for
gome switching points. An egsential step in the derivation is to solve for
various parts of the right triangle P,, Co, P shown In figure 7. Bince all
circies in the construction have unit radius, n?”ﬁ" Yl + d2 and

b, = ¢ + tan™! 1/d., where &. is negative in this exammle. Now
2 o o

CP = + dg sin Yy ,
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= 2
PP, Y1 + dz cos Y3

Pf? n

P, = B Pt = Ju - (/1 + dg sin P, - 1)2

These expressions sulfice to calculate df§ and df?:

dpk = 4 cos Y - sin ¢ + i - (do sin ¥ + cos ¢ + 1)¢ (L)
df§xdocos wusinw—-v’hu(dosinxp-&-eosli)-!-l)z {5}

The expression for can be obtalned by equating to zerc the expresg-

d ~
oo
sion for PnPfg, solving the resulting eguation for do, and substituting do&

for 4 :
o

B 3 1
Gog = sin T Yen v (6)

The expressions for d + and d_-~ are:
oo fo

Y

dog = tan 5 (1)
- = ~tan £
dgz tan 3 (8)
Ir 0 <y < n/e, doé is obtained by equating expressions for dfg and
dfg and solving the resulting eguation for do, which is then interpreted as
doG:
doaﬂwtan%coszp“sinw~¢4~(l*cosxp—tanwgsinw)z (g9}

Similarly, for #/2 < ¢ < 7w, @& is obtained by equating d_- and 4 How-

cé Py o'
ever, after the proper sign is chosen in front of the square root expression
oceurring in the solution of the gquadratic equation, the equation obtained is
the same as equation (9).

The expressions for df$ and dfg can be derived in the samre way as df§
and dfg. They may also be deduced directly from dfg and df§ by symmebtry:
d+=d cos P + sin ¢ + vh - (~d_ sin ¢ + cog ¢ + 1)2 {10}
v 's] o]
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df@ =d_ cos ¢+ sin P - Vi (*do gin ¥ 4+ cos ¢ + 1)7 {11)
A complete collection of &gll switching functions, along with their
domaing of definition, is given in table 3.

Switching Diagrams

The various regions of trajectory patterns in the three-dimensional
parameter space (v, de s df) can be illustrated with switching diagrams which
consist of planar cuts through this space cbtained by holding one of the three
parameters constant. When ¢ 18 constant, the switching disgrams are as
shown in figures 8(a), (b), and (c) for three values of y: /4, w/2, and
3w/4. Bach region is labeled with the pattern type established for it in the
preceding sections. On the region boundaries, the four types of three-
segment patterns often degenerate to one- or two-segment patterng, as indi-
cated by the coded lines. In addition to giving a compact representstion of
pattern regions, the switching diagrams find use in developing decision logic
for pattern type selection.

The switching diagrams show that for ¢ = w/k and 3n/b, dyg = dyg+ The

line gegment 4 is terminated on the left by 4 5 for ¢ < 3n/h and by do

£G i A
for % 2z 3n/k, as shown by the two inserts in figure 8(c). No other changes
in the structure of the switching diasgrams occur as ¢ is varied in the

range 0 < ¢ < mw,

Flight Patterns for ¢ = 0 and ¥ = 7 Radians

For the two singular values of ¢, ¥ = 0 and ¢ = 7 radians, the param-
eters dg and dp are not defined. Instead, the parameters used are the rec-
tangular coordinates of the initial point, P,, expressed in the X,Y coordi-
nate system of figure 3. This coordinate gsystem is centered at Py and has
its x-axis pointing in the direction of the final heading. Unlike the param-
eter space (dy, dp), the parameter space (X, Y) oreserves the geometric shapes
of figures under mappings; therefore pattern assignment and switching disgrams
can be combined in one figure.

Switching diagrams, as well as example trajectories, are given for
v =0 in figure 9(a) and for ¢ = 7 radians in figure 9(b). For both values
of Y, the switching curves which gepsrate the parameter space into regions of
different patterns are elther straight lines or portions of circles with
radius 2. For ¢ = 0, one circle is centered at (0,-2}, the other at (0,2).
For ¢ = w, the one circle is centered at the origin. These circles define
the locus of initial points for which an initial eircle is tangent to & final
circele, The switching diagrams are gymmetric ahout the x-~axis. This sym-
metry is also present in the pattern assignment; for a glven value of X, tra-
Jectories in the negative Y plane are the mirror images of trajectories in
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the positive Y plane, BSeveral sample trajectories are superimposed on the
switching diagrams to illustrate the pattern assignment.

Derivation of Path-Length Eguation

In preceding sections, rules were derived for choosing & particular tra-
Jectory for each initial position and heading of an aircraft. The next step
is to derive equations for calculating the path length and the heading changes
in the first and final turns for each trajectory. ¥or the RSR trajectory
between P, and Py in figure 10{a), P, is at (x,y), the initial heading is
¥, and the turning radius is R. Then:

PC =PPpP +PC =|X+nR ( + %}, ¥ + R sinfy + = (12)
for  Tfo o or cos v + 3}, siny + 3
Further, the vector émqﬁ is the diffTerence between §ME and §m§ :
or fr £ fr f or
P T . AN
Corcfr = [}X - R cms(w + 2), R - R 81n(¢ + 2) ] (13}
The heading of the wvector d;;bfr’ denoted by Y1, equals the heading of the

straight-line segment, |y, whereas the length of this vector equals the length
of the straight-line segment:

- heading of straight- _ -1 R - R six
L line segment = tan ~X - R cos[v + (n/2)] (14)

length of straight-

line segment xR cosly(n/2) ]-}2+-{R;R- einf pr{w/2)]-v}2

P1P2

1]
i

(15)

The arctangent is evaluated in the conventional manner as an angle ¢ in the
range O < % < 2n. The heading change ; in the first turn is seen to be

by =, - Af Y2 P (16)

5

i

b,

Q=AM A~ Af g <Y {17)

The path length in the first turn is then PPy = YsR. Finally, the angle
$f and the path length of the final turn are

em - ¢ if ¥ >0  PyPp = Rip (18)

1

Ve

i

0 (19}

it

Y= 0 it Y, =0 PP,

£
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The trajectory constants for an REL trajectory, as in figure 10(b), begin
with vector corcfe:

. .
Corlre = Pfcfe a i5;501* (20)

which can be written in Cartesian coordinates:
G M : Iy .
Corcfe = [}X - R cos(¢ + 2), ~R ~ R smn(¢ + 2) i] (21)

For the trajectory to exist we must have | Corcfe” 2 2R. The existence of the

trajectory is guaranteed 1f the patiern selection rules established in the
preceding section are & plieé._mgpe next step is.to caiculaﬁgﬁ_&’, the angle
between the vectors PP, and Ccrcfe; gince aorpc = (1/2}§CorCfeH,

R
[ :
] arc sin %-idﬁﬂﬁ H (22)
2 ! or fe
The length of the straight-line segment and its heading are therefore
. length of stralght- 2R
F1Pp = line segment " tan Y’ (23)
. heading of straight- _ ' s '
1ps - line segment =Yt R
= ¢y + 9 - 2m  if Yy + YT 2 27 {2}
where {; 1is the heading of the vector NG
or fe
_ -R - R sin[y + (n/2)] -~ ¥
U = arctan ~——g cosTv + (27571 (25)

Finally, the hesding chenges and arc length of the initial and the final turns
are:

% - \[f 1{) z \b

b o= ® PoP1 = R (26)
bt 2T U, Y <y

Q)f = q)s s PzFf = GJSR (27}



For the LSL and LS8R patterns, the seme techniques used for the RER pattern
above are applicable. Table 4 summarizes path-length and heading change equa-
tiong for the four melor pattern types. When possible, the eguations are
simplified by application of trigonometric identities. Patterns with fewer
than three segments are special cases of the three~segment patterns and are
not inciuded in the table,.

The major computational units in the horizontal guidance algorithm are
summarized in the flow chart given in figure 11. Reference in the chart to a
figure or table in the text identifies a major unit and implies that loglc
must be developed to perform the indicated function. For example, entering a
switching diagram to select a pattern reguires the development of a flow chart
of ineguaslity tests performed on the swiltching functions given in table 3 to
locate the correct pattern region. Examples of guch flow charte for the
switching diagrams of problems (b} and (c¢) are in the next section.

TRAJECTORY SYNTHESIS FOR PROBLEMS (b), (¢), (4)

Optimum control laws for the minimum-path-Ilength trajectories of prob-
iems (b} and (c¢) are derived in reference 9. To complete the solution of
these herizontal trajectory problems, equations are required for the path
length and the turning angles of the optimum trajectories. In asddition, com-
puter algorithms are needed for the implementation of the control laws. Fur-
ther, 2 solution to problem (d) is necessary. As in the previous section,
distances are normalized teo units of turning radius.

Trajectory Synthesis for Problem {(b)

Problem {b) was to fly from any initial position and heading to intercept
and fly along a line of gpecified heading. The minimum-arc-length control law
for this problem, from reference 9, is shown as the switching diagrem in fig-
ure 12. Coordinates are d and ¢¥; d 1is the perpendicular distance in units
of turning radli from the final Jline, and ¢ 15 the heading measured with
respect to the heading of the final line. The coordinate & is positive for
initial points to the right of the final line 1if one faces in the direction of
the final heading. The heading ¢ 1is positive for a clockwise rotation from
the direction of the final line, and its range ig -7 < P < w. Solid switching
lines with arrows indicate the direction a phase point fravels toward the ori-
gin. The switching lines and the dashed lines separate the phase plane into
various regions. Each switching line and region ia labeled with its regpec-
tive pattern type. Reference 9 shows that the optimum trajectories for this
problem consist at most of three segments, with the middle segment a straight
line and the first and last segments portions of minimum-radius circles,

In the phase plane, right and left turns with unity turning radius are
parameterized by the equations

dr(w) = do + cos Y - cos ¥ {right turn) {28)
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VARG 0 1

d2(¢) = dj - cos Y + cos ¥ (left turn) (29)

where 4, and ¢, are the phase points where the turns are initiated.
Straight-line flight generates s line parallel to the d axis. The switching
lines are special cases of these phase plane trajectories and are labeled 8,
through 8g 1in the switching diagram. The equations for the switching lines,
along with thelr domain of definition, zre required by the computer algorithm
to select the correct pattern type for a given initisl condition:

S;{¢) =1 « cos ¢ v & [0, n/2] (30)
Sa(p) = 1 + cos ¢ -1/2 5 % 5 * (31)
S3(y) = -1 + cos v ¥ ¢ [0, ~n/2] (32)
g,{d} = -n/2 dz1 {33)
sgld) = n/2 ds -1 (34)
Sel¢) = =1 ~cos ¢ -n < ¥ g 71/2 (35)

The dashed lines which also form portions of the boundaries between pattern
regions do not represent phase-plane trajectories. Instead, they define the
set of initial points for which two trajectory itvpes yield equal path length.
For example, the RSR trajectory and the LSR trajectory yield the same value
for the path length for initial conditions on the dashed line segment

g = /2, & > 1. For definiteness, one of the minimum-path-length trajectories
is arbitrarily assigned to such points of ambiguity. The phase trajectories
for eight initial conditicons (Pa - Ph) are traced cut in figure 12, and their
corresponding geometric patterns are shown in figure 13.

Parsmetric equations (28) and (29) for the phase-plane trajectories,
together with the switching diagram, are used to derive eguations for turning
angles and for the length of the straight-line portion of the wvarious pat-
terns. Table 5 lists these equations and their region of validitv for all
trajectory types veginning with a left turn. Equations for the mirror-image
trajectories are obtained by reversing the signs of ¢ and d. For examnle,
if d and ¢ are such that the switching diagram specifies an RSR trajectory,
the sighs of 4 and ¢ are reversed, then entered into the equations for the
LEL trajectory given in table 5.

Finally, the switching diagram (fig. 12), equations (30) through (35),
and the equations in table 5 can be used to consiruct a flow chart for trajec-
tory synthesis (fig. 1k). The input %o the flow chart is d and ¥, and its
output is the trajectory type and parameters. The first vart of the flow
chart consists of & seguence of ineguality tests on 4 end ¢ 1o determine the
pattern type, and the second part consists of the calculation of the trajec-
tory parameters. The flow chart logic was simplified by making use of the odd
gymmetry of the switching diagram. If the given 4 and ¢ reguire a petiern
veginning with a right turn, the algorithm reverses their asigns, identifyving
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the situation by setting index i, = 2. After the pattern narameters are com-
puted, i, is checked; if it is 2, the pattern is reversed to its mirror imapge.

Trajectory Synthesis for Problem (c)

Problem {(e) is to f£ly from a given initial position and heading to a
gpecified final point with an unspecified final heading. The control law that
minimizes arc length, derived in reference 9, is shown in figure 15(a), with
distances normalized to the unit turning radius. The location of the final
point is expressed in a coordinate sysitem which has its origin at the initial
position, Py, its x-axis pointing in the direction of the initial heading,
and its y-axis pointing to the right. The switching lines in this contrel
law are the x-axis and two circles with unit radii and centers at (0,-1) and
(0,1}). Trajectories for points on the negative x-axis can be taken as either
LS or RS with no change in path lengih; they are arbitrarily made RS, Example
trajectories for four final points are shown in figure 15(b).

Equations for the path length and turning angles, and the flcow chart for
trajectory synthesis, are determined next. Svmmetryv in the control law
reduces the complexity of the irajectory constants and algorithm. Only the
pogitive y-plane need be considerad, since trajectories for the negative
y-plane can be obtained by reflection about the x-axis. Then the switching
logic need only determine whether a final point ig inside or outside the unit
circle at {(0,1), and the path length and turning sngle equations are easilvy
derived by simple trigonometry. Table 6 summarizes the equations and their
region of validity; ¢; denotes the angle in the initial turn, yp the angle
in the final turn, and & +the length of the straight-line segment. {The arc-
. tangent is an angle ¢ in the range -% < ¢ < 7., The flow chart for trajec-
tory synthesis, shown in figure 16, is an implementation of figure 15(a) and
table 6. It has as inputs the x,y coordinates of the final voint, and as
outputs the trajectory pattern, turning angles, and path length. For purposes
of developing this flow chart, each patisrn was assigned an integer, which isg
represented in the chart by the index 1i,. The correspondence between the
pattern types and this index is given in the chart.

Trajectory Synthesis for Problem {a)

Problem (d) is to make a smooth transition from flight along cone stralght-
line segment to flight slong a second, intersecting straight-line segment.
The distance from the aireraft to the point of intersection along the first
segment is xy, and the distance from the point of intersection to a desired
final point on the second segment is Xp. Angle § is the heading difference
between the two segments; since the segments intersect, ¥ 1is neither zerc nor
. To make the transition without overshoot, the aircraft should hegin a cir-
cular turn of radius R at a distesnce before the intersection noint given by

Q0 < <« 7w, or
X, = R tan Lol (36)
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When proper account is taken of the circular segment, the total path length
between Xx¢ and Xp is

by = X ~a~x-2Rta.nL‘”~L+J—”'iL {(37)

T i f 2 R

CONTROLLED TIME OF ARRIVAL AND VERTTCAL GUIDANCE

The probiem of achleving precise arrival time of an sircraft at some
point on the final approach or any cother specified peint of the approach route
generslly consists of selecting both a speed proefile and a horizontal trajec-
tory of appropriate length such that the sircraft, sterting with initial speed
Vo earrives at the end point with speed Ve in the time interval t. As
explained earlijer, we flrst attempt to achieve the desired arrival time with
speed control alone, assuming that the horizontal trajectory, and therefore
the path length, is fixed. If i1 is found that speed control cannot achieve
the desired arrival time because the alircraft's performance capabilitieg are
exceeded, the path length will be modified as required to control the arrival
time. BSolution of the controlled time of arrival problem therefore involves
two algorithms, one to select the speed profile, assuming a fixed length of
trajectory to the final point, the other to change the length of the tralec-
tory by an appropriate amount.

Speed Control

The problem of speed profile selection is considered first. The time to
the finel point and the length of the path are denoted by t and L, respec-
tively. In addition to beginning with V, and ending with Ve, the speed V
along the profile must at all times obey the constraint Vmin 5 V £ Vyax.
Speed changes are made by constant acceleration Ay (numerically positive) or
constant deceleration Ag (numerically negative). These six guantities, t, L,
Vmins Vimax. Ag, and Ay, are treated as parameters in develoning logic for
speed profile selection. The speed profile copsists of a maximum of three
segments: an acceleration or deceleration segmeMd starting at V5, a constant
speed segment, and another accelerstion or deceleration segment ending at Ve,
Unless one or more of the segments has zero time duration, the three segments
can be arranged to yileld four possible apeed profiles. The profile to be
used is selected by comparing the path length L with two distances, L; and
Lz:

-V )%
Vot + u vV sV (38)
o ahy
L =
1 (‘Jf:\ - Vc}z

U s 1
Vft QAd fo p vf {39)
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o
Vb * ok, Vo 2 Ve (ho)
Lo =
2 (v, - vo)2
Vft - _‘-W:M VO < Vf‘ (hl)

where Lij 1s the minimum, and L; the maximum distance to fly in interval t
when speed iz between V, and Vp. The relation between the required speed
profile and the distances L; and Ly is shown in figure 17, where ¥V, is the
aircraft speed in the constant-speed segment. The distances ©L; and Ly are
represented by the shaded aress of the speed profiles in the left-hand column
of figure 17. The profiles to be used are in the right-hand column. The
required profiles are selected by comparing the shaded aress of left-hand
eolumn profiles with these of the right. If L < L;, the reguired profile
conslsts of deceleration, constant speed, and accelerstion; if L » Ly, the
required profile consists of acceleration, constant speed, and deceleratlion.
For Ly 5 L £ Ly, the required profile consists of deceleration, constant
speed, and deceleration segments iff V., > Ve, or of acceleration, constant
speed, and acceleration segments if Vg < Ve

The "profile constants" are the second-segment speed V,, starting time
ty and ending time tp. With permissible acceleration {or deceleration) of
&1 in the first segment and a3 in the third segment, V, is computed by
equating L with the area under the speed-history curve:

(Vn'" Vc)z (Vn - Vf)2

= - +
L=Vt o 53 (k2)}
Eguation (k2) is quadratic in ¥, and can be exvressed as
v.oov v2 e
2f L - 1 + L £ + el SR> R =
Vn(2a3 2a1> Vn v a1 a3 2ag 2ay L v (k3)

After solving for V,, the remaining profile constants t; and t, are

by = ol (k)

t2

it
o+
3

{ks)

The preofile is physically meaningful only if %3 5 t3; if ty > t,, the

final time must be changed. The profile degenerates to two segments if
Vp = Vy or Vi = Ve, or to one segment if V, = Vg,
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The final step is to compare V, with Vyin and Vpgy. IF
Vinin £ Vi S Vpays the profile is valid. If V, > Vyay, the time permitted to
the final point must be increased. If V, < Vgpins the path length must be
increased.

Path Stretching

This section considers a technique for increasing the path length. Path
stretching is applied only to the straight-line portions of the trajectory.
Any technique for path stretching must provide for continuous increases in
path length, so that the difference between the length of the stretched path
and that of the unstretched pathk can range from Zero to any desirsble number.
The proposed technique provides for this type of continuity when the distance
between the initial and final point is grester than four turning rsdii. When
this distance is less than four turning radil, 8 continucus range of stretched
path length is not always possible.

The patterns for the stretched path consist of circular arcs and line
segments., Although different radii may be used for different arcs without
introducing any complexity into the path-stretching slgorithm, the radii of
2ll arcs in a pattern are assumed to be the same to simplify presentation of

the technigue.

Path~stretching patterns are generated by three circles connected by tan-
gent lines as shown in figure 18(a), to form a path confluent with the
unstretched path at the initial and final points. Two of the cireles, ¢y and
Cp, are fixed and tangent to the unstretched path at P, and Pe, respectively.
The third circle, C3, moves to generate different path lengths. The center of
the third circle is restricted to move along a curve consisting first of a 90°
arc with a two-unit radius and then of & half line, as shown in figure 19.

The pattern ls completed by connecting the three circles with the appropriate
tangent lines.

If the center of Cj3 lies on the half-line porition of the curve, the pat-
tern consists of five segments and is "nondegenerate.” Otherwise, the pattern
containg fewer segments and iz "degenersate." The nondegenerate patitern is
used most often because it provides a large range of path length., Figure 18
shows the four patterns generated by placing the center of C3 at points Py,
Ppy Poy end Py of figure 19. As the center of Cg3 moves along the locus of
centers from Pp, the difference between the stretched and the unstretched
path length increases monotonically from zero to any positive number. Since
the distance between P, and Pp 1is not less than four radii, circles Cy, Cj,
and C3 cannot intersect. At worst, Cq is tangent to C; and Cs; thus the
tangents required to complete the pattern can always be constructed.

Tre relationship between the direct path length Lg (the distance between
P, and Ps) and the stretched-path length Iy is plotted in figure 20. The
location of the center of cirele Cg on the locus of centers (fig. 19) is a
parameter., Between Pp and Pp, the parameter is 855 beyond Pp, the param-

eter is the perpendicular distance ch between the center of C3 and the line
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connecting C; and C, in units of turning radii. For any fixed value of Lg
in the interval of [4, =), the value of Ly increases continuously as Cj
moves aleng the locus of centers starting from point Pp. Moreover, it can be
concluded from the characteristics of these curves that for any given cowbina-
tion of values of (Ld, Ly ), where Lg £ [b, =) and Ly 2 Ly, & unique curve
intersects point Ld, Lg ? The parameter value that generates that intersect-
ing curve defines the solution of the path~stretching oroblem. The equation
for the unknown value of the parameter is nonlinear in the parameter znd can
be solved by known technigues; it is derived in the appendix.

Algorithm for Controllied Time of Arrival

The algorithm for synthesizing controlled time-of-arrival profile con-
sists of speed~control, path-stretching, and decision logic (fig. 21}, The
profile is synthesized in three steps:

(1) Determine Tmin and Lyay»> the minimum and maximum distances the air-
craft is capable of traversing, for the given Vg, Ve, Ag, Ags Vipaxs Vmins and
.

(2) Determine if L is within the range of [Lyin, Lpaxl, (&) if
L < Liptp, stretch the path length to Ly so that Lpi, < Lg < Ly, and
proceed to step 3, (b) if L > L.y, return message stating that the given
time t is tooc short for the aircraft to traverse the given distance L, (e)

if Lyjp S L 5 Lygy, Droceed to step 3.

(3) Determine the profile pattern and compute profile comstants V,, ti,
and t,.

The distances Lyuyx and Lpy, correspond to the areas under speed-profile
curves wvhose constant-speed segments are flown at Vypy and Vyin, and are com-
puted by substituting the speed and acceleration limits into equation (L2):

- 2 - 2
I =V £ - (Vmax Vé} + (Vmax vf)
max max 24 24
a, d
- 2 - 2
- {Vmax Vo) <Vmax Vf) I
=V  § - - (L&)
max 2A ‘?IA ]
& d
- 2 - 2
L = v £ - (vmin Vo} - (Vmin Vf)
min min 24 2A
4 a
2 - 2
{Vo B Vmin) (Vf vmin)
e T T T R - (u7)
min 24
2lal a
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When t 1s too short for the aircraft to accelerate to Vp., at Ay, the
corresponding maximum-distence profile coasists of two segments: an accelera-
tion segment from V, to V, (<Vmax)s and a deceleration segment from Vup to
Vs, The upper speed, V,,, is computed by equating the sum of the time dura-
tion of the two segments toc t:

i
ty + (b -~ 5,) = pA SIS S
a IAd!
Upon rearranging terms,
vV v
o] iy
up = ) (48)
i
A2 14,
d
The area under the curve is
Vap = V Vi = ¥V
- P G up f
e = Vot H T b Ve~ ty) F (6 - 1) (L9)
2 2 )
Vﬁp - Vo V“P Vf
= oA + (50}
a élAd|

Similarly, the minimum-distence profile for small t consists of two
segments: a deceleration segment from YV, to V, (a speed greater than Vyyn),
and an acceleragtion segment from V2 to V. For VE‘

VO - VE Vf - Vﬁ

ty + Lt~ ty) = + = b
1 ( 1) ‘A 1 Aa
d
Upon rearranging terms,
Vo Vf
TmmT~+ -t
Ad Aa
v, = T 3 (51)
..{.. pr——
2,1 e
d
The area under the curve is
v - ¥ V, -V
- . c % £ L
Losy = Vet * 5 ty + 5 (t - %) (52)
(v_-v)2 (v, -v,))?2
-1 o) £ £ f
Tt + SR + T (53)
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Second, a comparison is performed to ascertain that the controlled time of
arrival can be accomplighed by speed contrel slene. If not, then the given
nominal path length L is increased to Lg by path stretching as specified
by k»

Ly = kL. + (1 - R)Lmin (5h4)

where 0 < k < 1. Third, the path length I {or Ig) is compared with Ly and
Iip to determine the pattern for the speed profile, and the trajlectory con-
stants are computed by equations (43), (44), and (L5).

Time Reference

In the controlled-time-of-arrival problem, time-to-go is en important
variable to pilot and air-traffic controller. As arrivel time approacheg, air
traffic control must know by how much this time can still be changed. The
earliest arrival time <pi, and the latest arrival time %, achievable by
speed control alone are

2
_ (v ax Vo)z N (Vmax - Vf}
24 2]a,!
£ m o P (55)
max
. 2 2
L - (Vo - Vmin) _ (vf ” vmin)
2]a,] 2A
S (56)

These times could be used as decision variables instead of Ly, and Lg, . iIn
the algorithm., If % < #p4,, the trajectory is beyond the aircraft's capabil-
ity. If tpin £t 5 tpay, the controlled time of arrival can be accomplished
by speed control alone, but if % > tyuy, path stretching is also required.

Vertical Guidance

Criteria for generating the vertical profile were described earlier. The
vertical profile is defined by the time to begin descent to the desired finsl
agltitude. This time iz calculated by subtracting from the specified arrival
time, t, the time intervals required to change the approach speed to the spec-
ified final speed in level flight, and to change the crulse altitude to the
final altitude. The first time interval is profile constant +tp, available
from the alresdy calculated speed-time history, and the second interval is
given by (he ~ he}/h.
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Summary

This section has developed procedures for synthesizing speed profiles to
achieve specified arrival times at specified points on the approach path, and
for modifying the length of the spproach path if the speed profile required
for a specified errival time is outside the aircraft's performance envelope.

A simple technique for vertical gulidance was also described. The simplicity
of the technigque resulted from the use of parameters alresdy calculated in the
synthesis of horizontel and airspeed profiles, The synthegis algorithms dis-
cussed in this and the previous sections are illustrated in the next section
by an example.

-

OVERALL FLIGHT PROFILE SYNTHESIS - AN EXAMPLE

A numerical example will be used to iliustrate how a complete, three-
dimensional trajectory with time constraints may be synthesized by applying
the technigques developed for horizontal guidance, controlled time of arrival,
and vertical guldance. It is asgumed that an aircraft has reached the last
waypoint before the outer marker. Wind velocity is assumed to be zero. If it
is not, the trajectory to be synthegized must be modified somewhat to zccount
for the wind velocity.

Problem Description

Congider an aircraft whose current position is 21.8 km (13.56 miles) from
the OM at an azimuth of 292°. It has a heading of 216°, an altitude of
1520 m (5000 %), and a speed of 149.6 m/sec (290 knots)., The flight profile
to be synthesized must guide the aircraft to arrive st the OM six minutes
later, aligned with the runway at a final altitude of 456 m (1500 ft) and a
final speed of 67 m/sec {130 knots). The acceleration and deceleration capa~-
bility of the aircraft is 0.61 m/sec? (2 ft/sec?), and the maximum and minimum
speeds of the aircraft sre 154.5 m/sec (300 knots) and 67 m/sec {130 knots).
The sink rate {rate of change of altitude} is 305 m/min {2000 £t/min). The
aircraft must maintain cruise altitude (1520 m in this case) as long as possi-
vle, descend at constant speed, and hold altitude during speed changes. A
minimum turning radius of 6.45 km (4 miles) is used during horizontal maneu-
vers. The conditions and constraints for this example are summarized in

figure 22.

As outlined earlier, the complete profile of the aireraft's time-position
relationship 1s synthesized In three sequential steps: horizontal guidance,
controlled time of arrival, and vertical guldance. ZRach subproblem and its
methods of solution are discussed separately. After the complete profile is
golved, it 1s summarized as a command sequence, which gives the order, initia-
tion times, and terminsticon times of commands required to f£ly the profile.
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Horizontal Guidance

From the description of the example, the horizontal guidance problem is
classed as problem (a), and steps for synthesis are: (1) compute pattern
parameters, (2) determine the flight pattern, and (3) compute turning angles,
linear path length, and total path length.

First, the pattern parameters dg and de are computed using equations
(2) ana (3)

¥y

4 ¥ R sin ¥ 5.32
x y
o e e O
b= R+ Rty - 00

The heading of 216°, converted to modulus 180°%, is -1bL®. Since it is nega-
tive, a refleciion about the &,  axis is required for paitern determination:

YT =~ = 1hh°, °

SBecond, the flight pattern ls determined by compar1ng dp and dp with
the appropriate switching points in the switching disgram (fig. 8(c)€ Cont~-
paring &, with doa’ where the wvalue of dog is computed by equations listed

in table 3:

3 1
qd + = + = 3,73
oo sin wr tan &f

so d., > d +., The value of d is then compared with 4.+ where
© oo £ * vy

3 1
oo + = -,
dfy tan wr gin &r 2.3

i

g0 that df < df§s These inegualities establish that the flight pattern is

RSR and that the reflected flight pattern is therefore LSL,

Third, the turning angles, curved path length, linear path lengih, and
total path length are computed by the equations for the LSL pattern in table

Pipy = ¢(§;-+dh sin )% + (R - R cos Yo+ y0}2 = 9,65 xm (6 miles)
~R + R ecosg ¢ -y
by = tan! -x -~ R sin ¢ ;X# 118°
3 o /
- O s}
wi =g - &s + 360° = 98

X




s~ 98° x 6.45 x ¢

PP = TR = 11 km {6.8Y4 miles)
- — a
e =y, = 118
- 118 x 6,45 x .
PP, = 512" = 13.25 kn (8,24 miles)
o, b o,
L = P Py + P1Pp + PpP. = 34 km (21.1 miles)

Ihis concludes the computation of the horizontal trajectory.

Controlled Time of Arrival

The numerical inputs for this problem are those specified in figure 22,
with the addition of the path length, 34 km (21.1 miles), obtained in the
preceding section.

The logical path traced in synthesizing the speed profile is shown with
heavy lines in figure 23. At node , the time Interval, At;, for the maximum
distance profile is computed to be 208.1 seconds. Since At is positive, the
maximur distance profile consists of three segments. Next, Imgx, the distance
correspending to this profile, is compuied before node

v - v )2 v -V, )2
( max o) ( max f}
L = Y t - -
max max 248

a 2 Ad

]

49.1 km (30.5 miles)

Since the given distance L for this problem (3% km) is less than Ipgy, the
profile synthesized is within the sircraft's capability,

Similarly, at node A, 4ty for the minimum distance profile is computed
to be 225 seconds. The positive value for At, implies that the minimum dis-
tance profile contains a constant speed segment. Before node A\ s the dis-
tance corresponding to this profile iz computed and then compared with L:

- 2 - 2
(Vo vmin) (vf Vmin)
L. =V, t+ +
min min 2A
Q[Adj &

fl

29.6 km (18.4 miles)
Since L is greater than Ips,, path stretching is not necessary,

Twe further comparison tests estsblish = thres-segment profile pattern of
deceleration/constant speed/deceleration. At node A\ , the speed for the
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constant-speed segment is computed by ‘solving for V, in equation (43}):

v, o= 86 m/sec (167 knots)

Finally, the values of +t; and ts, the time instents corresponding to a change
from deceleration to constent speed and from constent speed back to decelers—
tion, are computed by substituting numerical values into equations (hb) and

(k5):

Vo~V
ty = |—3 | = 1C3.6 sec
a
vn - vf
ty =t ~ A = 360 - 31.4 = 328.6 sec

Thig concludes the synthesis of the speed profile.

Vertical Guidance

The time duration, Aty, required to descend from a cruising altitude of
1520 m (5000 £t) to a final altitude of 456 m (1500 r:) at a sink rate of
305 m/min (1000 f£t/mnin) is

1520 - 456

Ath —*——Tﬁig——— = 3.5 min = 210 sec

Bince the aircraft is permitied to descend only when the speed is constant, it
must descend within the time intexrwval

{ty1, to] = [103.6, 328.6]

Since this time interval (226.3 sec) is greater than Aty , the aircraft can
descend at constant speed. BSince the aircraft is also required to maintain
crulse altitude as long as possible, the altitude change will take place dur-
ing the last porticon of the constant-speed time interval, from

tp = tp - Aty = 118.6 sec to t;.

Overall Command Prefile
The overall command profile expresses the horizontal guldasnce, controlled

time of arrival, and altitude profile in a time ssquence. The time for ter-
mination of the first left turn, %?1’ determined by the time reguired to

",
traverse the arc length FOPl:

o~~~ +
o = Y & —
P Py f091 (v, + Agtddt = V s, + — b7
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{An additional eguation is required if Ag 1s zero over a segment of the
turn.) Bubstituting the known numerical values into this equation gives the

value of 90.53 seconds for tpy-

The time for initiation of the second left turn, tp,, is computed next.
The distance traversed while the aircraft is decelerating from V, to Ve, Laos
is the area under the last segment of the speed profile curve:

- by) + 2 (t )

g =V _ (& 5

sp ~ Vp'le - )V, -V

f f

Substituting the known constants gives a value of 2.4 km (1.4 miles) for
252. Comparing the numerical value of Esz with the are length
Fabp = 13.25 ku (8,24 miles) shows that t,, o

t,.  is computed by subtracting the time to fly the constant-speed segment of

P2
@f“ Q“S

o~~~
occurs in the arc PP Then

the arc ﬁ;}f from tg:
2

ot
f

=ty - 7

P2 n

i

202.23 seconds

A complete command profile can now be constructed from a time history of the
three profiles. Figure 24 is & complete profile of the overall trajectorv.
Figure 25 is the corresponding horizontal trajectory with points P,, P1, Pp,
P3, Py, Ps, and Pp marked to indicate the beginning or termination of com-
mands and the times at which they occur. Teble 7 summarizes the entire com-
mand sequence. If a ground-based computer performs the trajectorv synthesis,
table T gives the essential information the on~board guidance system must
receive to fly the trajectory.

CONCLUBIONS

The technique developed in this report for auvtomating terminal-aresa
guidance, when properly implemented, enables an alrcraft fto fly from a given
initial position, sltitude, heading, end airspeed tco a specified final posi-
tion, altitude, heading, and =irspeed in a prescribed time. The technique is
based on the formulation of a class of principal subproblems in terms of which
any flight profile can be expressed from takeof? to landing. The required
subproblems are established by a study of air-traffic contrel procedures,
ingtrument-f£1ight maneuvers, and terminsil-area route structures. They are:

(1) Horizontal guidance: (&) GQuiding an aircraft from any initial posi-
tion and heading to a specified final position and heading, (b) guiding an
aireraft from esny initial position and heading onto a straight line of speci-
fied lovabtion and hesading, {¢) guiding an aircraft from any initial position
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and heading to a specified final position, and (d) guiding an aircraft
smoothly from one straight line onto another intersecting straight line.

{2) Controlied time of arrivel: Guiding an aircraft (along the pre-
selected horizontal trajectory) from an initial airspeed to a specified final
speed in a specified time interval.

(3) Vertical guidance: Guiding an sircraft {along the preselected hori-
zontal trajectory and speed profile) from an initial altitude to a specified
final altitude,

The criterion used for selection of the horizental trajectory is to mini-
mize the total path length sublect to the congtraint Imposed by a minimum
turning radius. The horizoental tralectory consists of arces of circles and
segments of straight lines which form a confluent path connecting the initial
and final pointz. It is synthesized in two steps: First, a flight pattern is
assigned, then arc lengths and straight-line distances are computed to specify
the horizontal trajectory completely.

For the speed-profile synthesis, the horizontal distance determined
already is compared with the maximum and minimum distances the aircraft can
traverse (for the specified initial speed, final speed, time of arrival, maxi-
mum and minimum allowable speed, and acceleration and deceleration capabilitv).
If the horizontal path length is greater than the maximum distance, no speed
profile is possible. If it is between the minimum and maximum distance, speed
variation zlone can control time of arrival. If it is below the minimum dis-
tance, path stretching of the horizontal trajectory is necessary, and the con-
trolled time of arrival is achieved by a combination of speed control and path
stretching.

When the horizontal trajectory and the speed profile are determined, the
vertical guldance trajectory is synthesized. The eriterion for this synthesis
ig maintalning cruise altitude as long as possible consistent with the speci~
fied descent rate and with the regquired final zltitude.

A compozite command profile is generated by superimpesing the alresdv
determined horizontal, speed, and vertical profiles. Essentially, this com-
mand profile is a time history of commands (such as decelerate, turn left, and
descend) ta be issued at the proper time. This profile can provide automatic
guidance of an aircraft for transitioning from any initial state to any speci-
fied final state, where a state is sgpecified by the aircraft coordinates,
altitude, speed, heading, and the clock time.

In general, the overall flight profile of an sireraft, starting from
tekeoff to landing, may be decomposed into a sequence of waypeints. The
flight profile for each pair of adjacent waypoints can readily be synthesized
by applying the various guidance problems discussed. Therefore, the overall
light profile, starting from takeoff to landing, may be gynthesized by con-
catenation of flight profiles for consecutive palrs of waypoinis.
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The advantage of this technique lies in its versatility and efficiency.
It requires no precomputation of trajectories, and can provide fast, in-flight
changes in trajectory as required. B8ince the only alrcraft parameters used in
synthesizing the trajectories are performance limitations, the technique is
applicablie to any alrcreft. Finally, by synthesizing trajectories subject
only to aircraft performance limitations and ATC constraints, the technigue
uses airspace efficiently and therefore mekes possible reduction of geparation
requirements and thus achieves higher landing rates.

Ames Resesrch Center
National Aeronautics and Bpace Administration
Moffett Field, Calif., 94035, February 11, 1972
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APPENDIX
COMPUTATTON OF PATH LENGTH FOR STRETCHED PATH

For the coordinate system used to compute the stretched-path length, the
origin is at the center of circle C; and the positive x-axis is in the direc-
tien of ngi the unit of distance is the turning radiusg. For the nondegener-
ate pattern in figure 26, the parameter is Yo and the total length of the
stretched path is 3

[ P J—— P,
L, = PP1 + P1Py + PaP3 + P3Py + FuP, (A1)
where
S = L
PP, =3 (A2)
P1Ps = 'VC3 (A3)
FoPy = 5+ ) (AL)
= VA2 (L, 2)2 .|
5 T VG, * (L - 2) i (45)
Fob. = x (AB)
f
The angle X is given by
L, - 2 2
A= w - tan”? - - cog™? Vi = (AT)
2 -
C3 e, t (L, - 2)

Equations (A5) and (A7) are derived by solving for parts of right triangles
PyC3C, and CyP3P,. By adding expressions (A2) through (A6) we obtain the
expregsion for the total path length.

L ~2
LS = 3n + Yo, = 2 tan” ! B ST cos”l — 2 + %;2 + (5Om2}2 -k
? Yoy A (LB

(A8)

For the degenerate pattern in figure 27, the parameter is 8, and the total
path length is

a—— i o~ S~
L =P P| + PPy + P3Py + PP (A9)
& & f
where
ﬂD - {
PPy = 6 ALO)
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F3by = /¥ cos? o_ + (L, -2 sin 8 )2 - & (A12)
S
PyPp = A (A13)

Solving for parts of right triangles C3PsCp and C3P3P,,

L -~ 2 s8in &
-1 0 8 -3 2
A = tan 5 oo B - CO8
5 #TLO - 2 gin 88)2 + ¥ cos Sg

(A1)}

The total path length can then be written in terms of A by adding (A10)
through (A13):

L =28 + 2\ + /hcos?2 8 + (L -2 sin 8 )2 - U (A15)
s g 8 o] S
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TABLE 1.~ SIMMARY OF TERMINAL-AREA GUIDANCE PROBLEMS

Class

Brief title

Description

Overational constraints

Preferred
gynthesis criterion

Horizontal
guidance

Provlem (a}

Fly from any initial position
& heading to a specified
final pesition & heading

Maximum benk angle

Minimum path length
to achieve final
position & heading

Problem {b)

Fily from any initial nosition
% heading onto a line of
specified location & direction

Maximum bank sngle

Minimum path length
to achieve fingl
line

Problem {c)

Fly from any initial position
& heading to a specified finsl
position with arbitrary final
hesding

Maximum bank angle

Minimum path length
to achieve final
point

Problem (4)

Transition bhetween intersect-
ing straight lines

Maximum bank angle

Smooth transition,
ninimum overshoot

Path
stretching

Increase length of flight
path by a specified amount

Maximum bank angle

Unknown

Speed
control

Controlled
time of
arrival

Determine speed profile to
achieve specified arrival
time at a specified location
with specified final speed

Mindimum & masximum
sveed & maximum accel-
eration & deceleration

Simplicity of speed
profile

! Vertical
| guidance

Desgcent
from cruise

Determine flight path in ver-
tical plane to achieve a
specified final altitude at a
specified position

Maximum descent rate

Maintain ecruise
altitude as long as
possible & descend
at constant h




TABLE 2.- OPTIMAL FLIGHT PATTERNS FOR MINIMUM-ARC-LENGTH
HORIZONTAL GUIDANCE

Additionat patterns required

Patterns ysed in simplified solution fur optimusm solution {ref, 8}
inot used)
Maneuvers™ Geometric shape Maneyvers® Geometric shape

LSML o‘ ’*oj t LRL <4>

RSt N ‘,J Pt e

L3 Po
o
RS e Py
Po 4

"fw

[+ . i *Slgﬂiﬁcance of symbels in column
as follows:

Lo jeftturn
§ - straight fight

- i R -~ right qurn
H P — initiat position
P 7‘ P — final position

L1
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TABLE 3.~ ANALYTICAT, BOUATIONS FOR COMPUTING SWITCHIHG POINTS

Type of
switehing Equation Domain
points
doB = ~tan(¢/2) 0 <y <o
. deg = tan{y/2) O < ¢ <7
T P
B o8 ~ 7 tan{y/2) O <y <
& 3 1 \
Py d == ~l— + 0 <¥ <
g"j 0o, (sm Yy tan Y
TE 3 1 |
[N + =
& You (sin 3 " Tan np) 0 <®<m
ds = ~tan{¥/2)cos y-sin G- vh-{l+cos w-tan{y/2)sin 9)2 "0 < ¢ < 7
d= = —tan(y/2) 0<y<m
g
) A = tan(y/2) 0 <y <
o
Cd - = - . — 3 2 ' _
. dgp = d, cos yosin ¥ /i (a, sin g+cos y+l) O<¥<md-s<d <,
Rallt
8% d tsin ¢+ Fh-{-d sin y+ 1)? ‘0 a a <4+
g}@ 4 e Ocoszj}mn@; -~051n¢:cos\b+ ; o< 7, o5 54, 54t
. TPy 3 1 ,
#pd C,_Q
5™ Tan ¥ sin ¢ 0<v<m, d >ax
2
Dal - 3 - I 3 2 ' -
2 afé do cos Yssin ¢ i{ clo sin Y+cos ¢+1) S0 <@ o<, doc; < do < cic-g
- s - - p) ‘ - -
_ dfg do cos Y-sin g+ Jh (dG sin y+ecos Y+1) ' G <y <m, éocz s d‘o s 4d

o .




TABLE k4.~ TRAJECTORY PARAMETER FORMULAS FOR PROBLEM (a)

| Pattern: PPy, - Heading of straighi-line *_ Heading change Heading change.
© type Length of straight-line segment segment ¢ in initial turn’in final turn
| , R e 2Tt 1 >0
RSR ¥(x-R siny)2+(R-R cosy-y)2 “arctan % U= b= ‘
. . L‘i"s*‘?“”d‘;‘ps <y 0 =0,
" oR L et sty <en g deav J
KSL jm where b= Py = 'Jff“ws
, ) Yy -2yt 22 I {ws+2“”¢;¢s<w‘
I . 2R i
§'=arcsin where Ui=arctan ~R-R cos¥-y!
V{-x+Rsiny)2+(R+Reogyty )2 THETE ViF8 “x+R siny ; f
¥ ¢
| bbgs V2l |
ISL | /(x+R sing)2+(R-R cosi+y)? arctan w by= Y=g
¢“‘i’s+3“;¢<lﬂ3
LSR 2R » _ ﬁ'l"q}!; ¢}‘¢'>O _ 11""135; Q’B‘st _ 21'?—1{)8;(5)3 >0
Fan v7 VRO e , b= by )
P=y2m gy -y’ <0 Yo F2T Py 03 hg=0
f=gresin / 22R R+R cosi—y
3 " 2 Py AL A, A
(x+Rsiny 4+ (R+Reosf-v ) where yy=arctan %-F sind

£
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TABLE 5.~ TRAJECTORY CONSTANTS FOR PROBLEM {b)

Pattern Range of
type Specification of region Trajectory constants turning angles
-1 < Y < -5/2 Yy = 3v/2 + ¢
a 5 53(%) be = /2
.81, e 3 R = -4 = 1 F cOS B 3 5:¢%/§ i
/R s ¥ 5w P = ¢ - n/2 £
d < S3ly bp = /2
i 2 = =3 ~ 1 + cos @
-n/2 £ P £ w/2 Yy =+ w/2 iosﬁbiﬁﬂ
| LSRR a2z 5p(¢) Y = /2 | U = 7/2
i £ =4~ 1~ cos ¥ [
i ‘ :
i n/2 < <738, (9} < @ s 8;(y) Yy = ,cos“l(l + co; Y - d) - ? 0 < ¥y < /2
; 1
. ]
1 g Yo = -cos“l(l hs COZ L d} + 21w g e < 3n/2
: LR | et i it i ot e oy i o e e b e -
i I;OS‘JJS?I,S§(‘£‘)5&<SZ(¢} ¢i=cos"1{1+cezw—d}+xp 05w153w/2
i oF 1+ cos ¥ - ad
| -1/2 2 ¢ 5 038,(y) s d = 8,(0) | ¢p = cos*i( 5 ) 054, sm/2




TABLE 6.~ TRAJECTORY CONSTANTS FOR PROBLEM (c)

- - n = . PR . . e e — a o s e —re——

Pattern
type | Specification of reglion

[P R S - - [P . Boe e amee

Trajectory constants
¥y >0 1] 7 - tan™! “§i-— cos™? L
RS and y vx2 + (y-1)?

x* + (y-1)2 2 1 I
%= V%2 + (y-1)2 - 1

H

. = tan~! ~F~ + cos™! 3+ a2+ (y+l)?2
LR and v bx2 4 (y+1)2

]
W

(o]

&
il

21 - cos™! 5 - x? i (y+l)2

<=
s
i

L5
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TABLE 7.~ OVERALL COMMAND PROFILE

Time,
Point {second | Polar coordinates® Commands

P, 0 |21.8 (13.56), 292 |Begin left turn and
begin deceleration

P 90.5 |18 (11.18), 266 |Fly straight

Py 103.6 |17.2 (10.58), 263 |Hold speed

Py 118.6 {15.95 (9.9), 261 |Begin descent

Py 202.2 {11.3 (6.85), 239 |Begin left turn

Py 328.6 | 2.38 (1L.48), 191 |Hold altitude and
begin deceleration

Po 360 0 0 0 |Fly straight and
hold speed

*Distances in km (miles), angles in degrees
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Figure 3.- Pattern parameters and coordinate system for problem {a).
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(a)

{b}

Flgure 5.~ Switching pointes for near distance maneuvers if Py is not

between P _ and P ;. and P lies below P -
o o f§ To
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{c) Definition of P for ¢ < n/2

{d) Definition of P 5 for Y > #/2

Figure 5.- Concluded.
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Figure 6.~ Bwitehing pointe and near distance trajectories if P 4 lies gbove

P.- and Py lies between Pf% and Ffﬁ' 8




Figure T.- Construction details for defining the locations of P 4 and Pf_.%.
fé
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Figure 8.~ Concluded.
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{a) RSR trajectory

{b} RSL trajectory

Pigure 10.- Construction for calculating peth length and heading changes of
trajectories.
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Figure 11.~ Trajectory slgorithm for problem (&).
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Figure 13.- Flight patterns for problem (b).
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Figure 1k.- Trajectory algorithm for problem (b).
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{a} Control law

{b} Example trajectories

Figure 15.- Control lsw and examples for problem (ec}.
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Figure 16.- Trajectory algorithm for problem (c).
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Figure 18.- Patterns of stretched paths.
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Figure 19.~ Locus of centers for circle Cs.
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Figure 22.~ Parameters for exsrmple problem.
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Time, sec 0 360
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Figure 2%.- Synthesized overall profile on time reference.
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Figure 26.- Path length calculation for nondegenerate case.

Figure 27.~- Path length calculation for degenerate case.
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